In this chapter, we study properties of polynomials defined by generating functions of the form At ; x; α ðÞ = Ft ðÞ x Á Gt ðÞ α . Based on the Lagrange inversion theorem and the theorem of logarithmic derivative for generating functions, we obtain new properties related to the compositional inverse generating functions of those polynomials. Also we study the composition of generating functions Rt At ðÞ ðÞ , where At ðÞis the generating function of the form Ft ðÞ x Á Gt ðÞ α . We apply those results for obtaining explicit formulas and identities for such polynomials as the generalized Bernoulli, generalized Euler, Frobenius-Euler, generalized Sylvester, generalized Laguerre, Abel, Bessel, Stirling, Narumi, Peters, Gegenbauer, and Meixner polynomials.
Introduction
Generating functions are a powerful tool for solving problems in number theory, combinatorics, algebra, probability theory, and other fields of mathematics. One of the advantages of generating functions is that an infinite number sequence can be represented in a form of a single expression. Many authors have studied generating functions and their properties and found applications for them (for instance, Comtet [1] , Flajolet and Sedgewick [2] , Graham et al. [3] , Robert [4] , Stanley [5] , and Wilf [6] ).
Generating functions have an important role in the study of polynomials. Vast investigations related to the generating functions for many polynomials can be found in many books and articles (e.g., see [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] ).
A special place in this area is occupied by research in the field of obtaining new identities for polynomials and special numbers with using their generating functions. Interesting results in the field of obtaining new identities for polynomials can be found in some recent works by Simsek [18] [19] [20] , Kim et al. [21, 22] , and Ryoo [23] [24] [25] .
Another trend in study of polynomials is getting new representation and explicit formulas for those polynomials. For instance, Qi has recently established explicit formulas for the generalized Motzkin numbers in [26] and the central Delannoy numbers in [27] . One can find interesting results in papers of Srivastava [28, 29] , Cenkci [30] , and Boyadzhiev [31] .
In this chapter, we obtain some interesting properties of polynomials defined by generating functions of the form Ft ðÞ x Á Gt ðÞ α . As an application, we give some new identities for the Bernoulli, Euler, Frobenius-Euler, Sylvester, Laguerre, Abel, Bessel, Stirling, Narumi, Peters, Gegenbauer, and Meixner polynomials.
According to Stanley [32] , ordinary generating functions are defined as follows:
An ordinary generating function of the sequence a n ðÞ n ≥ 0 is the formal power series
Kruchinin et al. [33] [34] [35] introduced the mathematical notion of the composita of a given generating function, which can be used for calculating the coefficients of a composition of generating functions.
Definition 2. The composita of the generating function Fx ðÞ = ∑ n >0 f n x n is the function with two variables
where C n is the set of all compositions of an integer n and π k is the composition n into k parts such that
Using the expression of the composita of a given generating function F Δ n; k ðÞ , we can get powers of the generating function Fx ðÞ :
Fx ðÞ ðÞ
Compositae also can be used for calculating the coefficients of generating functions obtained by addition, multiplication, composition, reciprocation, and compositional inversion of generating functions (for details see [33] [34] [35] ).
By the reciprocal generating function we mean the following [6] :
n is a power series such that satisfies the following condition:
Ax ðÞ Bx ðÞ = 1:
By the compositional inverse generating function we mean the following:
Definition 2. A compositional inverse Fx ðÞof generating function Fx ðÞ = ∑ n >0 f n x n with f 1 ðÞ6 ¼ 0 is a power series such that satisfies the following condition:
Also the compositional inverse can be written as F À1 ½ x ðÞor Fx ðÞ = RevF. For example, we will use the following formulas: If we consider the composition Ax ðÞ = RFx ðÞ ðÞ = ∑ n ≥ 0 a n x n of generating functions Rx ðÞ = ∑ n ≥ 0 r n x n and Fx ðÞ = ∑ n >0 f n x n , then we can get the values of the coefficients a n by using the following formula ( [35] , Eq. (17)): a n = r 0 , for n = 0;
If we consider the composition Ax ðÞ = RFx ðÞ ðÞ = ∑ n >0 a n x n of generating functions Rx ðÞ = ∑ n >0 r n x n and Fx ðÞ = ∑ n >0 f n x n , then we can get the values of the composita A Δ n; k ðÞ by using the following formula ( [35] ):
Main results
Let us consider a special case of generating functions that can be presented as the product of the powers of generating functions Ft ðÞ x Á Gt ðÞ α . For such generating functions, we obtain several properties, which are given in the following theorem: Theorem 1. If A t ðÞis a generating function of the following form:
then: 
For the composition of generating functions D t ðÞ= CBt ðÞ ðÞ
Using Eqs. (6) and (13), we get Eq. (9). According to [36] , the composita of the compositional inverse generating function At ðÞof At ðÞ= ∑ n >0 a n t n is
where 
Hence, the composita of Eq. (15) is
Using Eqs. (14) and (17), we get
For k = 1, we get Eq. (10). Applying Eq. (7) for the composition Ct ðÞ= B Bt ðÞ ÀÁ = t, we get
Applying Eq. (7) for the composition Dt ðÞ= BBt ðÞ ðÞ = x, we get
□ As an application of Theorem 1, we present several examples of its usage for such polynomials as the Bernoulli, Euler, Frobenius-Euler, Sylvester, Laguerre, Abel, Bessel, Stirling, Narumi, Peters, Gegenbauer, and Meixner.
Generalized Bernoulli polynomials
The generalized Bernoulli polynomials are defined by the following generating function [37, 38] :
where
According to Eq. (13), the composita for the generating function Dt ðÞ= tB t; x; α ðÞ is
The triangular form of this composita is
Using Eq. (17), the composita for the compositional inverse generating function Dt ðÞof Dt ðÞ= tB t; x; α ðÞ is
Also we can get the following new identities for the generalized Bernoulli polynomials: 
Generalized Euler polynomials
The generalized Euler polynomials are defined by the following generating function [37] :
According to Eq. (13), the composita for the generating function Dt ðÞ= tE t; x; α ðÞ is
Using Eq. (17), the composita for the compositional inverse generating function Dt ðÞof Dt ðÞ= tE t; x; α ðÞ is
Also we can get the following new identities for the generalized Euler polynomials: 
Frobenius-Euler polynomials
The Frobenius-Euler polynomials are defined by the following generating function [39] 
According to Eq. (13), the composita for the generating function Dt ðÞ= tH t; x; α; λ ðÞ is
Using Eq. (17), the composita for the compositional inverse generating function Dt ðÞof Dt ðÞ= tH t; x; α; λ ðÞ is
Also we can get the following new identities for the Frobenius-Euler polynomials: 
Generalized Sylvester polynomials
The generalized Sylvester polynomials are defined by the following generating function [40] :
According to Eq. (13), the composita for the generating function Dt ðÞ= tF t; x; α ðÞ is
Using Eq. (17), the composita for the compositional inverse generating function Dt ðÞof Dt ðÞ= tF t; x; α ðÞ is
Also we can get the following new identities for the generalized Sylvester polynomials:
and
Generalized Laguerre polynomials
The generalized Laguerre polynomials are defined by the following generating function [8] :
Àx ðÞ
According to Eq. (13), the composita for the generating function Dt ðÞ= tL t; x; α ðÞ is
Using Eq. (17), the composita for the compositional inverse generating function Dt ðÞof Dt ðÞ= tL t; x; α ðÞ is
Also we can get the following new identities for the generalized Laguerre polynomials: 
According to Eq. (13), the composita for the generating function Dt ðÞ= tA t; x; α ðÞ is
Using Eq. (17), the composita for the compositional inverse generating function Dt ðÞof Dt ðÞ= tA t; x; α ðÞ is
Also we can get the following new identities for the Abel polynomials:
Bessel polynomials
The Bessel polynomials are defined by the following generating function [8] :
,n >0:
According to Eq. (13), the composita for the generating function Dt ðÞ= tB t; x ðÞ is
The triangular form of this composita is 1 21
Using Eq. (17), the composita for the compositional inverse generating function Dt ðÞof Dt ðÞ= tB t; x ðÞ is
Also we can get the following new identities for the Bessel polynomials: 
Stirling polynomials
The Stirling polynomials are defined by the following generating function [8, 42] :
According to Eq. (13), the composita for the generating function Dt ðÞ= tS t; x ðÞ is
Using Eq. (17), the composita for the compositional inverse generating function Dt ðÞof Dt ðÞ= tS t; x ðÞ is
Also we can get the following new identities for the Stirling polynomials:
Narumi polynomials
The Narumi polynomials are defined by the following generating function [8] :
St ; x; α ðÞ = t ln 1 þ t ðÞ
According to Eq. (13), the composita for the generating function Dt ðÞ= tS t; x; α ðÞ is
Using Eq. (17), the composita for the compositional inverse generating function Dt ðÞof Dt ðÞ= tS t; x; α ðÞ is
Also we can get the following new identities for the Narumi polynomials: St ; x; μ; λ
According to Eq. (13), the composita for the generating function Dt ðÞ= tS t; x; μ; λ ðÞ is
À3μ
Using Eq. (17), the composita for the compositional inverse generating function Dt ðÞof Dt ðÞ= tS t; x; μ; λ ðÞ is
Also we can get the following new identities for the Peters polynomials: 
Gegenbauer polynomials
The Gegenbauer polynomials are defined by the following generating function [43] :
Ct ; x; α ðÞ = 1 À 2xt þ t 
According to Eq. (13) 
Meixner polynomials of the first kind
The Meixner polynomials of the first kind are defined by the following generating function [8, 44] :
Sylvester, generalized Laguerre, Abel, Bessel, Stirling, Narumi, Peters, Gegenbauer, and Meixner polynomials that are defined by generating functions of the form At ; x; α ðÞ = Ft ðÞ x Á Gt ðÞ α . A lot of studies have recently showed that polynomials are a solution for practical problems related to modeling, quantum mechanics, and other areas. So a study of obtaining explicit formulas and representations of polynomials will be important and influential. Also the further research can be conducted to find practical means of obtained properties.
